Numerical Inversion of Laplace Transforms

Using a Fourier Series Approximation
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AnsTiacT. A method 1= presented for numerically inveriing a Laplace trapsform that requires, in
addition to the translorm funetion itsell, only sine, cosing, and exponentisl functiong, The method
15 concepiually much like the method of Duboer and Abate, which spproximates the inverse fune-
tion by means of & Fourier cosine serwes. The method presented here, however, differs from theirs
in two important respects. First of all, the Fourier series containg additional teres :i!'l\"-:}]'l.'in.g, the
gipe function selected such that the eeror in the spproximetion 18 less than that of Dubner and Abate
and such that the Fourier series approximsates the inverse lunetion on an interval of twice the length
of the corresponding interval in Dubner and Abate's method. Second, there is incorparated into the
methad in this paper & transformation of the approximating series into one that converges very
rapidly. In test problems using the method it has routinely been possible to evalunte inverse trans-
forme with considersble accuracy over & wide range of values of the independent variable using a
relatively few determinntions of the Lapluce transform itaelf,
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. Inireduction
The Laplace transform of a real-valued function fi1), § 2 0, is defined as
Fig) = [o" e "fe1dL (1)
Throughout, we shall assume that f(1) is piecewise continuous and of exporential order
a (i, [f{1}] € Me™), in which case the teansform function Flz) 18 defined for Rela)
“ . Starting with Fig), the inverse transform f(t) is given by the well-known inversion
formula
fie) = (1,/2xi) [35i% " F(s) ds,

or, slternatively,

fie) = (=) fa" [Re {F{g)] cos wt — Im |F{a)] sin wl de, ()

g = a 4+ iw, where a can be any real number greater than e, Fquations (1) and (2) ean
also be replaced by the cosine transform pair

Re {F(s)] = [o* e *f(L)cos wl di, (3)
Fiy = (22 [0° Re {F(s)] cos wi duw, (4)
or by the gine transform pair
Im |Fia}] = = [o" ¢ (0)sin widf, (5
fiey = (=27 [o" Tm | F{s)] sin wt du, 1y
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The technique propesed by Dubner and Abate [1] for numerically inverting Fis) is
pasentially & trapezoidal rule approximation to (4) which involves only Re |Fig)]. The
method 18 concoptually simple and casy to progrem on a digitel computer. An essential
feature of the method s that an cxpression for the error in the computed inverse trans-
form is available which allows one to control the maximum error in the inversion tech-
nique, Specifically, Dubner and Abate show that fif) = f{i) — E, where fo(1) i& the
proposed approximation to j(f) defined by

fo0) = (26T) [é Fia) + E De (Fila + kri/T)| cm{kn!,.-"?")] (7)
with the error
E. = 3 expl—2nal) {f(20T + 1) + exp(2a)f(2nT — 11}, (&)
=l

where the parameters a, T eatisly the conditions T > { and @ > o Although Dubner
and Abate assume o < 0 and restrict @ to be positive, this is not cssential to their deriva-
tinn (see [2]), Using the bound [f{¢}| < Me™ in (8) and summing the resulting geometric
series, we find that

E. < Me"exp {2{a — a)f} + 1)/[exp [2{a — &)T] = 1]. (9)

By choosing a — o sufficiently large with T > {, the error £, can be made a8 small as
desired.

Ome shorteoming of the methed is that usually the series (7) converges slowly, One
miist often sum hundreds of termes before convergenee to three significant figures is at-
tained, A modification of the method has been proposed in [2] that mitigates this difficulty,
If one tekes T = 2¢in (7], then

£ = (e [§Fe@) + 3 Re lF(a + brifol(=1)* ] (10)

This series can be summed more guickly then (7) since there are no cosines to compute,
Furthermaore, 8imon, Stroot, and Weiss [3] demonstrate that when this alternating form
of the series is used, a Euler transformation significantly increases the rate at which the
series converges.On the other hand, when (10} is used, the argument &t which the trans-
form is computed now depends upon { and the transform F{s) must now be computed for
a different set of s-values for each distinet ¢ For those applications which oecur fre-
quently in practice in which the numerical computation of Fis) itseli is quite time-con-
suming, it may not be economical to use (10).

From the various inversion formulas (2), (4}, and (6} one would surmise that similar
numerical inversion technigues could be developed that utilize Im [Fiz)} rather than
Re | F{s)|, or perhaps utilize a combination of both the real and imaginary parts, After
all, in order to compute Be {F{s)] one would normally simultaneously compute Tm | Fie)},
and somehow this additional available information should be put to use. In Bection 2 we
extend the inversion method of Dubner and Abate to a method thet utilizes these already
computed imaginary parts of F{s). Az it turns out, the series involved in our method can
be made to converge more rapidly than (7} and dees not share the aforementioned draw.
back of (10).

T Derivation

The same genera! argument used in [1] will be followed. Essentially, we will obtein the
Fourier series for a function goft) that is periodic with period 27 and equal to f(1)e™ on
the interval (0, 27'), Tt turns out that the Fourier coefficients of the series may be approsd-
mated uging Fs). In order that the Fourier series converge to g (f) at points of diseon-
tinuity we shall impose the condition that f{t) = [f{t+) + f({—1}/2 for all § at which
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fit) is discontinuous, For n = 0, 1, 2, -~ , define ga(l), —= < { < =, by ga{t} =
fif)e™, InT <1 < 2{n 4+ 17T, with g.{f) specified elsewhere from the condition that it
be periodie with period 27, The Fourier scries representatton of eaeh g, (i} s given by

gnll) = ddnn + E [Ane cos{kaet/T) + By sin{kwt/TH, (11}

where the Fourier coefficients are
Aww = (/TR €000 cos (kat/T)dt, Bue = (L/T) [3577 €7'(t) sin (ke Tt
By summing {11} with regpeet to n and noting that
j-.,' e () cos (ket/T)dt = Re |[Fla + kx/T)],
o M sin (kxt/T)dt = —Im {Fila + ka/T,
we find that
"iﬂ it = (1/T) B Fia) + g |Re iFla + Exi/T)} con(kxt/T}

{12]
— Im {Fia + kme/T)| -'ainl:ﬁ:r?.-'T,'ll].

Now on the interval (0, 2T, @it} = f{t1e™, 50 from (12) we obtain the approximation
fit) to the inverss transform given by

ity = (4T} [i_F{E}. + E iRe [Fila 4+ kei/T)} coslkat/T)
o = {13)
— Im |Fla + kvé/T} Eﬂ'n{kﬂﬂ-ﬂ']

where f(1) = f(t) — E,
E = .g-“; galt) = E"Zipxp | =a{2nT + )| fi2nT + 1) = ere'""’,;l'{ﬂﬂl" + . (14)

Expression (13) is the desired approximation formuls for f(#). We note that it is simply
a trapezoidal rule approximation to (2], just as (7) is a similar approximation to (4}, We
alzo note that (130 contains all of the ferme n (7)) plus additional ferms invelving
Im {Fi&)}. By taking one half of each side of {13) and subtmeting it from (7), then mul-
tiplying the result by 2, we get immediately an inversion procedure using only Im (F{s)],
namely f{t) = f,(t) — K, where

Ft) = [—Ee"fT,'l; Im {Fla + kwi/T)} sin(ket/T) {15)
and
E, = ™ |fi2nT 4 t) — &'7(20T — ). (16)

In fact, the approximate inverse (1) is simply the average |f00) + fo(£)]/2 of the ap-
proximate inverses wsing only cosine terms and sine terms, respectively. However, by
comparing (8], (14), and {16} we ser that the error £ is also the average (£, 4+ E,)/2
Furthermore & sizable portion of the crror drops out when E, snd £, are averaged, so that
usually £ will be significantly smaller than either K. or E,. Moreover, the parameter a
ean be chosen so that f{i) approximates f{!) in the interval (0, 2T) wheress the error
when using f.() or f,{t) can be made small only for { in the mterval (0, T).

Errok Awxavrysis. There are two sources of error in the method, excluding roundoff
error. First, we have the error term E due to the faet that the Fourier coefficients used
in the Fourier series for golt) are not exact but are only approximationsg obtained using
Fiz). Second, sinee the series in (13) is not summed to infinity, there is truncation error.
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Using our assumption that [f{t)| < Me™ we can sum (14) to get
E E ﬂ_fai-llllr{glfl'u—-i? — I_:I, u << ETu I:.I?]

It follows that by choosing a sufficiently larger than @ we can make £ as small 85 de-
sired, In applying the technique we shall ususlly want convergence to at least 2 significant
figures, so we shall require the relative error Ex = E/Me®' < 005, which means that we
can for all practical purposes replace (17) by

E < Me™e 7 0 <t <27 (18)

The error for £ = 0 must be analyzed separately since usually there will be a discon-
tinuity in the Fourier series representation for ge(d) at § = 0. At { = 0 the Fourier series
for gell) converges to ge(0) = {f(0) + f(2T )& ™"} /2. Hence from (13} and (14) we find
that

JiO) = f(0)/2 = E 4 fi27 jexp{ —=2aT)/2
< Mexp|=2T(a - a)] + Mexp | —2T(a — a)} /2 = 3E/2,

It follows that at ¢ = 0 the method approximates f(0),/2 rather than 7{0) with an error
bound 50 percent geeater than the ereor bound for @ > 0,

The error bound (18] provides for a simple algorithm for eomputing f{¢) w0 & pre-
determined accuracy. Suppose the numerical value of J{f) ie desired over a range of i
values, of which the largest i f.,,, and the relative error is to be no greater then B
First T' &2 chosen so that 27" > £y and then (18) is used to compute a. Explicitly, we
chiose

a =& — LulE)/2T. (19}

The geries {13) is then summed until it has converged to the desired number of significant
figures. It should also be pointed out that, if necessary, the parameter « can be computed
from the transform F{2). Une simply takes a to be & number slightly larger than
max|Re(P); P iz a pole of F{s)].

Usually it s possible to increase the rate of convergence of (13) and thereby reduee
truncation error by using & suitable series transformation. We have econsidered two trans-
formations, the Euler Transformation ( ET ), which was used by Simon, Stroot, and Weiss
[3], and the epsilon algorithm (EPAL) [4]. In all test problems congidered to date, the
EPAL has proved to be superior to the ET in speeding convergence of (13). The EPAL
has without exception significantly improved the rate of convergence, and it is highly
recommended that the EPAL be wesed in conjunetion with the inversion method. The
EFAL may be briefly deseribed as follows, Suppose we wish to approximate the sum of
the geries 2 ne; 4, using the 2V + 1 partial sume 8, = ¥ ooy an,m = 1,2, .-, IV 4
1. We define 6,2y = epmy + ey — ep ) with &~ = 0, 6™ = 8. Then the
sequence e g6 o, eiwer B8 8 sequence of suceessive approximations to the sum
of the series that will often better approximate the sum than the untransformed se
quence S, c o0 Sap

Une can predict the loral convergenee propertics of the series from the behavior of
Fourier corcr. One would cxpeot convergones Lo be slower in the noighborhood of a dis-
continuity of f{#) due to the Gibbs phenomena, and this turns out to be the case, In
addition, the method artifically introduces a discontinuity &t ¢ = 0 which tends to slow
eonvergenes in the neighborhood of the origin, although this does not usually appear to
be very serious,

3. Erxamples and Comments on Fmplementation

From the examples of this seetion one can get some idea of the performance of the nu-
merical inversion formula (13) with different ehoices of the parameters Eq, T, and N
(N is the number of terms used in the sum). We shall also compare our method (13)
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with (71 and (10}, which have been considered by earlier authors, All of the caleulations
reported here were performed in double precision on an [BM 370-Model 145 digital
eomputer.

W shall invert the following four transforms:

Fuap = (s — 1}/[{s = 1V 4 1] — Ve fulf) = & ecost — 1;
Fola) = 2/s — Li{a+ 1); flt) =2=2¢,

. - . 0 t<d
visd = (278 — 1/(s + 113, :-'{‘ '
als 1278 — 1/(a Ve fall) 3 — expl—t+ 51> 5

folg) = (s s+ 1077 filt) = (2/+/8) exp (—4/2) sin (13/3/2).

We note that fi({) is oseillatory and unbounded whereas fz(1) is bounded and monotone
increasing. The third function () i& obtained from f;(¢) by shifting f(¢} five time units
to the right, leaving & step discontinuity in fy(¢) at ¢ = 5. The function f; is & demped
nscillatory function and was used as & test problem in [1] and [3],

In Table 1 we eompare the performance of the ET and EPAL on our series. We note
that the untransformed series converges dowly, particularly for the larger f-values. The
Euler transformed series converges more quickly than the untransiormed seres, bat the
EPAL gives uniformly more securacy than either of the other two methods. With the
EPAL, 20 terms are sufficient to achieve an aceuracy of 6-8 significant Higures except at
¢ = 0, 1. It should be emphasized that to achieve this accuracy the EPAL must be ap-
plied to {13) without rearranging the terms, We noted eerlier that (13) iz simply the
aversge of (7) and (15). However, the EPAL being a nonlinear transformation, if it is
applied to (7) and {15) separately and then the results are averaged, considersble ac-
curacy is lost.

From Table 11 one gets some idea of the effect on the rate of convergence of different
choices for the parameters Ex and T, In general, we see that smaller values of T improve
convergence for small ¢ but have the opposite effect for large i Convergence is usually
hest for ¢ near T. We have already seen that we must take 2T > in in order to control
Eg, and from Table 1T we see that if 2T is too near fe., then convergence may he slowed
drastically at the larger -values. It appears that in this example the better choice for T
is perhaps 7.5 with Ex = 107" and 6 for £x = 107" Generally, the smaller Ey is, the
smaller T can be without adversely affecting convergence for large i-values. As a rule of

TABLE 1. Cospagison oF UNTRANEFORMED Semies axve ET axp
EFAL TeansFoRMATIONS IN EvaLuaTivg fult) = e cosd — |1
Eguation (13} was used with Eg = W, T =75, « =0, amd N = 2.
Results Tor EPAL are exact to number of significsnt digits recorded.

EPAL

3 Ui rans [ormed ET (exmact)
o | 1.0 1.0% 1,00

1 _ 1.9 Lass L.468

| 1.4%6 (K=11) 1.43% {K=31) L.&GB [ME3L)

2 | +1.081 =084 -5, 07493
1 [ +1.970 -1.9881 =1, BBL5Y
i 33,8 .15, BETEY 55,6877
5| T L2, 0FE0L 41.09910
[ e [ Rl k] T8T, JA0NE
& 1w L0 -6 16 b «433.729%
i .2 1 10 18481, 777 «1BLHL. THD
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TABLE II. ErfrFecT oF ¥arvisog PARAMETERS on EvaLy-
aTivg [t} = ef cas ! = 1 Usine EPAL

Numibers in table are: significant figure of error—digite of
error. Exnmple: b—1I signibes sn error of 2 digits in 5th
signifiennt digit.

=i =f
Eg=10 EH' La
# ,| ——
E Ll T=3 Teh T=7.5 Tk I=7.5% T=10
o ] -1 | 2-1 | i-1 -4 3-8 17
k] =2 =} | 37 ELE] =3 =1
L i3 4-1 =5 3-1 &-1 =l 1-1
13 £=1 G- 5=5 52 -2 G=l
2 18 | el = G % L] 1-2 L]
13 =k f-1 5= Tel T-h §ml
1 15 -1 4=3 Sl =] G- % =1}
| 24 53 B=1 5-1 F=2 | &3 =11
T T
4 5 13 a=1 S=5 L= | §-a E=} %=1
§ 29 5=i 55 5=3 Bal - &-3
5 15 4=1 LT R TS =3 f=# =2
9 &=l =& Geh G-k B=d E=]
i 15 &= §=1 Em] A5 Tuly Gk
9 =1 =13 3-2 =5 B-1 G9-7
M L% a7 L= b4=3 Ly B=3 G=1
iw 4-7 L= ] B-1 B=5 B=2
10 15 L L=1 3=k 1=10 &2 3=1
% L] §=1 5-z &= Fal

peries did mor converge

thumb, we have found that for 107° < £, < 107 the valye T = B gives fairly
optimal results.

We note that with E = 107" the serics has essentially converged to within the tolerance
specified by Ey with 15 terms in the series, a5 additional terms do not significantly im-
prove the accuracy. We also note that our error bound is fairly tight since with Ex =
107* the series does not converge to within more than 4 significant figures of the correct
aAnswer.

Comparing columns I and II1 of Table I1, we observe that when the EPAL is used,
the methid wsing both Re | F(s)] and Im[F(=)| teq. (14} eonverges more rapidly than
eq. (7} which utilizes enly Re{Fis)}. In fact, of the possibilities of using (71, (13), or
{15] either untransformed or in conjunetion with ET or EPAL, the combination of (13}
with EPAL has given the best results in all test problems thus far. { Hesults using {15)
are similar o those using (71 and therefore were pot recorded. )

In eolumn IV we have used {10} in conjunction with EPAL. We note that e (100
cannot be used at ¢ = 0. However, at all other tvalues use of (10} with EPAL gave an
accuracy of six significant figures with only 13 terms in the sum. 1f the inverse {ransform
is needed for only a few tvalues, one should eonsider using eq. (10} with EPAL.

As pointed out carlier the method used in column 1 of Table 111 will converge at ¢ = ©
to fil1),/2 rather than f0), so that a jump discontinuity i= introduced artificinlly at § = 0.
Inthe method reported in column I1, thisjump wasremoved by inverting Fy*(s) = Fais) —
Fi00 /s and taking f2(4) = £,*t) + f10). As can he seen, this transformation improves
convergence somewhat and is recommended in those situations oceurring frequently in
practice in which f{0) is known beforehand.

From the values of the computed inverse recorded in the first column of Tuble IV, we
ohserve the perturbation predicted earlier in the neighborhood of the discontinuity at
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TABLE 111. Evarvamion of fill) = I = expl=i}

Parameter values: [ and I1, Eq = 107%, T = 3.35; I11, Eg = 10X,
T = 10 [2aT = 13.8); IV, Ep = 10°% (20 = 13E).

i 1I 111 w
Uadmg (L]
with EFAL
Uatag (L3} b Femoving Uaiag €70 Vateg (L) Exact
t H with EPAL Susp st sl with EPAL with EFAL
s | W L4 L L.oee (385 —
il L4938 L.00z i 1 | 1.0
1 13 1.818 L6328 | L.67 1.631212
] 1,E3012 | 1.6320F | L.611 [ Ll.m32l2
| T
3 i3 L. BBLEL i 1.85468 | 1.882 i | BRGAE
3 | I 1, 36467 1. Bhdih
3 13 \ 1.95%022 L.95021 L9775 1. 95021
1.950% 1, 95021
N b3 L. GHLES ! 198060 | 1. 9803 1.9818% |
i ! ; 1,58168 HE . 11
5 13, 1,99318 1599327 1.98328 1.991%6 i
! ! I 1.5%326

TABLE 1¥. EvavroaTion oF [ull}
Parameter values are Eg = 10, T = 6.5, ¥ = 13

t Using (13} wich EFAL Exdct
Jump
ﬂu]l!’ rempenvied
g | 0000602 | .ooooot | 1
L .000002 | -cooool o
: | 000003 | oooeot , o |
|
Y 007 | ooosos '
i e —
& LO0LE o0 a
5 | L] . W 1 I 1.0
d
& | 1.823 | L. 76 1,61212 |
| L.8370m=15) b.baniE=13y |
r | 1.ees1 : 1,887 1. BE4sE |
H L] |
B 1.9508 o Lesie | Ls0IL
9 1.9805% | 1.9mee8 | u.oALeE
Lo L. 5928 L 1.e9325 I 1.3337%

—_—

{ = & due to the Gibbs phenomenon. In computing the results of column [l this dis-
continuity was removed by inverting i (&) = Fals) — ¢ /¢ and then taking 2l =
AN, 1= 5, and [l = 00 = 1L > 5. As scen from the table, this procedure
generally hastened convergenee. 1 when applying the method to a discontinuous function
the Jocation and height of the jumps are known beforehand, then they should be removed
in this fashion. Even after removal of the jump we note that eonvergenee is still relatively
slower, in the neighborhood of ¢ = 3, due to the nonexistence of the first derivative. How-
ever, from other examples not shown here, we conclude that the nonexistence of see-
ond or higher order derivatives has no noticeable affect upon the rate of convergence.

As a final example, in Table V, we compare our method against numericsl results
quoted in |1, 3]. Dubner and Abate's computations were made using (7] directly. Bimon,
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TABLE V. Accvmacy oF THREE NUMERICAL INvERsioxns ar Fyis
The values obtained using eq. {13} were computed with Eg = 107%,

F=75 a=—5
1 L LS Dubnsr &nd Absolute Error Uiing wq. {133
[HEREE] Abate [1] ﬂ-nrt. Ekroct with EPAL
(H=2000) and Welse [3] M=%}

1 313507193 Letwe™™ | 5 0 ¥ ua1n) . k10
] LEETIEM Zw10™ e 107 (Ne13) ax 1t
| B HEF et | & x w0 ¥men TR
& | 049579880 x| o (E=11} 2z 107t
5 | -.o8res2073 sx 1™ | 1x 10 %) rx10°Y
6§ | - 09092118 B | 1o 0¥ (mers) w10
7| -.oo7eeanis s 107 | 30 20 % we1n) 6 x 10"
] LOLETLS09E R Lz 1075 =15 6 x 107"
] LO12B0&ET] e L x 10 214 151077
10 ADEIR5LE] 210" l = m"i-m-u] 721072

Total mo, of valuoes 2000 1450 19

af Eﬁh:l needed

Stroot, and Weiss used (107 with a Euler transformation. Owverall, our methed gives
more accurate results than cither of the other two. One should bear in mind that our
resilts are based upon only 19 evaluations of the transform Fy(s) versus 2000 evaluations

using Dubner and Abate's method and 140 evaluations using the method of Simon,
Stroot, and Weiss.
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