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FIBER PARAXIAL WAVE EQUATION (9) I

e General fiber paraxial wave equation:
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> Group velocity dispersion effects: 35, (33
> Nonlinear effects: Py

> Mode volume effects: / | (v, wo)|* d°ry
A
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ELECTRIC POLARIZATION (6) I

82
e Bvaluation of —Pyy:

ot?

> Let |
Poxrn = Re | =ity wn) Pz, t)eem=nt]

> Second time derivative:

82
ﬁPNL,m

: o 0
- A i 6(wm)z—wm, 2 : P

> If P, is, and remains, slowly varying on the time scale defined by an
optical cycle, then 9P, /0t and 0*P,,/O0t* may be neglected
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ELECTRIC POLARIZATION (7) I

e Coupled-wave method for third-order nonlinear electric polarization:

> Use a different field for each frequency and each orthogonal polarization:
E=E +E +E;+E,
> Assume the envelope forms
E; = Re [ézwz(I‘T, wi)&(z, t>€m(w1)z_wltq
and

Pyp = ZRG [ Zenwn I'T,wn>7> (Z t) ilB(wn)z— wntq

> Electric fields at frequenmes w1, wo, wg generate polarization components
at frequencies

twy, H3wr, £2wrp—w), FElwptw —wn) (klm=1273)
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FIBER PARAXIAL WAVE EQUATION (10) I

e Fnvelope form for the nonlinear polarization at w,:

PNL,n = Re {—iénlﬂn(I‘T, wn>7>n<2, t>€i(ﬁnz—wnt)}

e Coupled-wave fiber paraxial wave equation:

0 -62 0 63 0 VAR
[@ ' (Z Yok 6ar) | o)

O 27T/’Lnklm (

w2+ 2@'an) P, 1)

=t ot

2 Bwy)c?
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NONLINEAR POLARIZATION FOR FWM (1) |

e Nonlinear polarization:

Pyp = 4X(3)(E -E)E = Z Re {—Z’én%bn(rT)PNL’n(zj t)ei(ﬁnz—wnt)]

=1y [—z’én%PNL,nei(ﬂ”Z_”m + C.C}
n

The sum on n runs over all the frequencies that occur in (E - E)E

e Assume three fields, with possibly different frequencies and polarizations,
and possibly in different modes:

3
E—Ei+E+ By =y Re [en(rr)&(z, e
[=1

= %Z [élwlglei(ﬁlz_“lt) + c.c}

[=1
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NONLINEAR POLARIZATION FOR FWM (2) |

¢ Expand (E - E)E = E°E:
(E-E)E
= (E} + E; + E; + 2E; - Ey + 2E; - E3 + 2E, - E3) (E; + Ey + Es)
= [EiE; + E3E; + E3E;]
+ [(E5+ E3) E + (E{ + E;) E; + (E{ + E3) E;
+ (2E; - E9)Ey + (2E; - E3)E; + (2E; - Ey)E;
+ (2E2 : Eg)Eg + <2E1 - Eg)El + <2E2 ' Eg)EQ]

+ [(2E1 . E2>E3 -+ (2E1 . E3>E2 -+ <2E2 . Eg)El]

e Fach group of square-bracketed terms predicts different nonlinear-optical
phenomena
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EVALUATION OF E%El |

E, = %él [Wl + Wl*]

e Envelope form:

where
W = ¢ i[B(wr)z— wlt]¢1<rT,W1>gl<Z )
e Then
E%El gel [Wl + Wl] [Wl + Wl*]Q

%el (W + Wi [WE+2|Wh |7 + Wi

= gex [(W7+ W™ (WEWT + W) 4 2|3 (7 + 7))

> Coefficient of third-harmonic terms at 43wy is

8
> Coeflicient of self-phase modulation terms at +w; is %
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EVALUATION OF E%El |

B = 1o Wi+ W] (1=1,2)

e Envelope form:

where |
W, = elPez=itlyy (vr )& (2, t)
e Then , )
E2E1 = %él [Wl -+ Wl*] [WQ -+ WQ*]
= 2&1 (W1 + Wy [W5 + 2|Wa|* + W57
= 2&1 (W W5 + WiW5?
+ 2| WP (Wh + W) + WiW5 + Wi W57
> Coefficient of FWM terms at 4 (2wy — wy) is &

8

> Coefficient of cross-phase modulation terms at £w; is %
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EVALUATION OF 2(E; - E,)E,

e Envelope form:

E =ze[W+W (=12

where
W, = e i B(wy)z—wyt] Wi(ry, w)E(z, 1)
e Then
2E; - Eo)Ey = 2(&) - &)éy [W) + W] [Wa + W37’
= 2(& - &)&y (W1 + W] [W3 + 2|Wa]? + W3]
(61 €5)es [W1W2 + W7 W2*2
+ 2| Wal?(Wy + W) + WiW5 + W W57

> Coefficient of FWM terms at £(2ws — wy) is %
4

> Coefficient of cross-phase modulation terms at 4wy is g
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NONLINEAR POLARIZATION FOR FWM (3) |

e After substitution of the envelope form of E;, 3 kinds of terms occur in
(E-E)E:

> General form: 513 Or C.C.

o=

o Coefficient (same polarization):
o Frequencies: +3w;
o Third-harmonic generation

> General form: |&|2&;, EXE; or c.c.

o Coefficient (same polarization): 3

o Frequencies: +w; or +(2w; + wy)
o SPM, degenerate FWM

> General form: |E|%E;, EFEE, or c.c.

o Coefficient (same polarization): 9
o Frequencies: +wj, +(wi + w; + wy)
o XPM, non-degenerate FWM

© C. D. Cantrell (12/1999)
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NONLINEAR POLARIZATION FOR FWM (4) |

e Compact formula for (E - E)E:

E’E = % Z Dy 11 jm| O ExEiEm H1B(wp)+6(w)+0(wm)]z—(wpFw+wm)t}
k.lm

where k, [, m==+1, £2, &3,
E b =&k Vo =V Bop = =By w-jg) = —Wiks

and, when all waves have the same polarization,
(

1, ifk=I01=m;
3, iftk=—-l=m;
DMt = § k=—l#m orif
6, ifd |
\ k|, |l],|m|  are different.

e Compact formula for Py
—%i¢npn€i(ﬁnz_w"t)
_ % (4X(3)) Dy |m|¢k¢l¢mgkglgmei{[5(wk)+ﬁ(wz)+ﬂ(wm)]z—(wk+wz+wm)t}

where Wy = Wk + W) + Wy © C. D. Cantrell (12/1999)
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NONLINEAR POLARIZATION FOR FWM (5) |

e Multiply both sides of the equation for P, by ¥, (rp)* and integrate with
respect to the transverse area:

P, = ZX( )D|/<;| " |mlﬂnk1m5k5lg e (ABnkim)?

where

Wn = WE + W) + Wy,
the wave-vector mismatch is AG,xm = —0(wn) + Blwi) + Blw;) +
B(wm) , and the mode overlap integral is

/ Un () Vi) (r 7)Y (vr) dorp

Hnkim —
/ |¢n I'T ‘2 rr
e Fixample: Uy = = Y
> )y is the eigenfunction for the HE11 mode,
~ —r2/(2w? _ 1
@Dlwe /( ):>,Un/<:lm_§
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NONLINEAR POLARIZATION FOR FWM (7) |

e Mode overlap integral:

- // ¢”<rT)*wk(1’T)¢z(I'T)wm(rT) der
//Wn(r:r)\zcl?r:p

> Normalization of 1,,:
/ |¢n I'T TT =1

> Then |1, (r7)|* has units of (area)™?

e Effective area for the interaction of waves k, [, m to produce wave n:

(Ae)_l = |lunklm|
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SELF-PHASE MODULATION (1) I

e Intensity-dependent index of refraction:

> Nonlinear polarization envelope:
P = XY Dy 1l fonktm EREIE e’ X ki)
= 3ixX' tnn| €0 *En
where k = —l = m = n and therefore Dy 1| jm| = 3, ABukim = 0

> Generalized nonlinear Schrodinger equation:

0 -52 62 53 83 o/ gl
[@+ (Z Yot o) ¢

s 67TX(3),LLnnnn 2 . a = 129G
5 + G2 Wy, + 2iw 5 €0l
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INTENSITY AND POWER IN FIBERS I

e Electric field:

E = Re [ewm<rT> iz, e
= 1 [epn &, + c.c ]

e [ntensity at rp = (z, y):

In(r7) =

CTLO m

—[Em [ (rr) ]
e Power in mode m:

Pm://fm<I‘T> dQ’I“T
= Mg, | / / (00| dPrr
T
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PROPAGATION EQUATION FOR FWM (2) |

e Paraxial wave equation for the complex amplitude of a single mode (or WDM
channel):

0 — a—  2miwiy®
—En = ——5 .
0z i B,,c?

e Introduce mode amplitudes which are directly related to power:

MnklmD’]{;‘ |, ‘m’gkglg (ABnkim)z

cnp pAe
S

e Paraxial wave equation in terms of F's:

F, = &, = power in mode n is P, = \Fn\Q

0 — O— 1672w, x ) /
= gttt i 251 ikt D i) i) F 1 F 1T e’ ki)
On

0z

where we have used

B

no.n

Wy
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SELF-PHASE MODULATION (2) I

e Generalized nonlinear Schrodinger equation for normalized fields:

8 .62 82 63 63 T/ 1 4/
o (G G 70
2 0

o a= . 2 0N =pr
= an+z’y<1+zwﬂat)|}"]}"

where
487T2X(3) w%

! 6<Wn>03Aeff
> iy|F|2F: Self-phase modulation

> —(2/wn)O(|F|2F)/0t: Self-steepening

© C. D. Cantrell (12/1999)
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SELF-PHASE MODULATION (3) I

e Simplified paraxial wave equation for studying self-phase modulation:

OF () — S
) — _—F 4 i~NFIFF
0z 2 + ’W‘ |
> Remove attenuation term:
‘7-’ _ 6042’/2?

> Equation for F’:

0F I —
= e FIF
> Equation for intensity:
0 =9 0 === OF " —  OF —u
TP =gaT T =T gt =

© C. D. Cantrell (12/1999)
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SELF-PHASE MODULATION (4) I

e Equation for F = e /2F,
OF
0z

> The modulus of F’ is constant:
F (2 )7 = |F (0, = Py(t)

where Py is the initial (time-dependent) power

= ive_o‘zllfﬁ?l

> Equation for F':

OF (2,1')

/

o = i R(l)e F (2 1)

> Solution:

?<2/7 t/) _ 6—@2’/2?(07 t/>6i7P0(t’)Leﬂr(z’)

© C. D. Cantrell (12/1999)
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SELF-PHASE MODULATION (5) I

e Evolution of F under the influence of SPM:
?(Z/, t/> _ e—()e,z’/2f~<07 t/>ez’7P0(t’)Leﬁ(z')

> Instantaneous frequency of F:

dw(Z' 1) = 22 In F(,t)

ot )
dFPy(t
— VLeﬂ”<Z/> At

where I is the initial (time-dependent) intensity

> (Instantaneous frequency of E) = w,, + dw(2',t')

© C. D. Cantrell (12/1999)
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PO(t/T)/PO,max
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SELF-PHASE MODULATION (6) I

1.00

0.75

0.50

0.25

0.00

Frequency shift in SPM

1.0

— 0.5

— 0.0

— -0.5

-1.0

(1m)p/(1)Odp
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SELF-PHASE MODULATION (7) I

e Evolution of F under the influence of SPM:
?(Z/, t/> _ e—()e,z’/2f~<07 t/>ez’7P0(t’)Leﬁ(z')

> Nonlinear length:

LNL = (’YPO,maX)_l

where F) is the initial power
> Numerical values:
v 3 W lkm ™!
For By = 10 mW,
LNL ~ 30 km

© C. D. Cantrell (12/1999)
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SELF-PHASE MODULATION (8) I

e Liffects of SPM in fiberoptic telecom systems:

> Maximum phase shift:
1

A max —
¢ aLyy,

o For PO 10 mW LNL ~ 30 km
o Maximum phase shift for o &~ (20 km) ™!

APrax = radlan

> Chirp = spectral broadening

> Compensation of anomalous dispersion (solitons)

© C. D. Cantrell (12/1999)
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EFFECT OF SELF-PHASE MODULATION
ON THE SPECTRUM OF A PULSE

Power (mw) 1

-0.3
-0.1
Frequency 0.1 40

0.3 20

0 Propagation distance (km)
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CROSS-PHASE MODULATION (1) I

e Simplified paraxial wave equation for studying cross-phase modulation:
3?1 (Z/, t/>
0z

o— e —
= —§f1+27(‘f|%+2|~7:’g>f1

> [F12F): SPM

> 2| F|3F: Cross-phase modulation (XPM)

© C. D. Cantrell (12/1999)
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SELF-STEEPENING (1) I

e Because of nonlinear effects, the leading edge of a pulse travels more slowly
than the trailing edge

> Optical shock formation:
The development of an almost-instantaneous transition from near-zero
amplitude to a finite amplitude

> Critical distance for optical shock formation:

Lanock ~ Lyp X (no. of cycles in pulse)

© C. D. Cantrell (12/1999)
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SELF-STEEPENING (2) I

e Generalized nonlinear Schrodinger equation for normalized fields:

6 .ﬁ2 82 63 83 T/ 1 4/
o+ (G5 [0

O — 2 0\ ===
= ——F +iy|1+i—— | |[FF
5 +w( +Zw05‘t’> | F|

> Let Ty = initial pulse width,
t/
T = TO,
Z,
= = ~vPy?,
G Lt 740
e PVRUT) = F( ),
2
§ = —
wOTO
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SELF-STEEPENING (3) I

e Equation describing optical shock formation:

U 9 o
o T oaUPU) = iUy

> Introduce phase ¢ and normalized intensity I

U=+VIe?

> New equations:

oJl ol
00 o9

> Intensity:

I(¢,7) = f(T = 3s1()
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