
The University of Texas at Dallas Erik Jonsson School
PhoTEC  

c© C. D. Cantrell (05/2004)

OVERVIEW OF GEOMETRICAL OPTICS

• Transition from Maxwell’s equations to ray optics

• Ray optics in media with piecewise constant refractive index

• Imaging systems

� Gaussian optics

� Thin lenses

� Thick lenses

� Optical instruments

• Geometrical theory of third-order aberrations
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GEOMETRICAL-OPTICS LIMIT OF MAXWELL’S EQUATIONS (1)

• Let E = e(r)eik0(S(r)−ct) and H = h(r)eik0(S(r)−ct); S is the eikonal

� For example, for a plane wave propagating in a direction ŝ,

S(r) = ŝ · r
• Maxwell’s equations imply that

e · (∇S) = − 1

ik0
[e · ∇(ln ε) + ∇ · e]

h · (∇S) = − 1

ik0
[h · ∇(ln μ) + ∇ · h]

(∇S) × e − cμh = − 1

ik0
∇× e

(∇S) × h + cε e = − 1

ik0
∇× h

• In the geometrical-optics (short-wavelength) limit, 2π
λ0

= k0 → ∞, so the
right-hand sides can all be set to zero
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GEOMETRICAL-OPTICS LIMIT OF MAXWELL’S EQUATIONS (2)

• The short-wavelength limit is a version of the slowly-varying-envelope
approximation

� For example,

|(ik0)
−1∇ · e| ∼ O((k0l)

−1|e|) ∼ O((λ0/l)|e|),
where l is a distance in which the envelope e or a major component of e
changes by a factor of 2

� If λ0/l � 1, then
|(ik0)

−1∇ · e| � |e|
which justifies neglecting (ik0)

−1∇ · e in comparison with terms of the
same order as e
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GEOMETRICAL-OPTICS LIMIT OF MAXWELL’S EQUATIONS (3)

• Short-wavelength limit of Maxwell’s equations:

e · (∇S) = 0

h · (∇S) = 0

(∇S) × e = cμh

(∇S) × h = −cε e

� Eliminate h and use the BAC-CAB identity:

(∇S)×h =
1

cμ
{(∇S) [e · (∇S)] − e [(∇S) · (∇S)]} = − 1

cμ
(∇S)2e = −cε e

� The result is the eikonal equation

|∇S|2 = μεc2 = μrεr = n2

where n is the refractive index
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WAVEFRONTS

• Geometrical-optics limit of Maxwell’s equations

� Eikonal equation: |∇S|2 = n2

� The surfaces defined by the equation S(r) = constant are the

geometrical wave fronts

� ŝ(r) = n−1∇S(r) is normal (perpendicular) to the wavefront at the

point r

� ŝ is a unit vector because of the eikonal equation:

ŝ · ŝ = n−2|∇S|2 = 1
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RAYS

• Rays are defined similarly to field lines:
A ray is a curve that is tangent to some wavefront unit normal ŝ at each
point r on the curve

� If ds is the distance between two neighboring points on a ray, then the

unit vector that is tangent to the ray is ŝ = dr/ds (by geometry)

� The unit tangent to a ray,

n−1∇S = ŝ =
dr

ds
=

dx

ds
x̂ +

dy

ds
ŷ +

dz

ds
ẑ,

has direction cosines dx/ds, dy/ds, dz/ds

� Because ∇S is perpendicular to the surface S = constant, and ŝ is parallel
to ∇S, rays are perpendicular to wavefronts
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RAYS AND THE EIKONAL (1)

• The equation that relates rays to the eikonal is

n
dr

ds
= ∇S

� It turns out that a simpler equation, without the eikonal S, results if we
calculate d/ds(ndr/ds)

� We calculate the rate of change of a vector field A along a ray:

dA

ds
=

dAx

ds
x̂ +

dAy

ds
ŷ +

dAz

ds
ẑ

= x̂

(
∂Ax

∂x

dx

ds
+

∂Ax

∂y

dy

ds
+

∂Ax

∂z

dz

ds

)
+ · · ·

= x̂

(
dr

ds
· ∇

)
Ax + ŷ

(
dr

ds
· ∇

)
Ay + ẑ

(
dr

ds
· ∇

)
Az

=

(
dr

ds
· ∇

)
A in Cartesian coordinates
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RAYS AND THE EIKONAL (2)

• Apply the equation for dA/ds on the previous slide to calculate d/ds(ndr/ds):

d

ds

(
n

dr

ds

)
=

d

ds
(∇S) because n

dr

ds
= ∇S

=

(
dr

ds
· ∇

)
(∇S) because

dA

ds
=

(
dr

ds
· ∇

)
A

=

(
1

n
(∇S) · ∇

)
(∇S) because

dr

ds
= n−1∇S

=
1

2n
∇ [∇S · ∇S]

=
1

2n
∇

[
(∇S)2

]
=

1

2n
∇(n2) because (∇S)2 = n2

= ∇n

� This eliminates the eikonal from the equation that determines a ray
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RAY EQUATION

• Ray equation that does not involve the eikonal S:

d

ds
(nŝ) = ∇n

where s = distance measured along the ray (arc length) and
ŝ = unit tangent vector to the ray

� This equation determines a ray by determining the tangent vector at each
point along the ray

� Example: n = constant

◦ ∇n = 0 ⇒ ŝ = constant vector = a

◦ Then dr/ds = a = constant vector ⇒ r = as + b (a straight line!)

◦ Different rays can have different vectors a and b

◦ In a medium with constant refractive index, rays are straight
lines
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IDEALIZED WAVEFRONTS AND RAYS

• Plane wavefronts

� Rays are parallel lines

� Special case of a spherical wavefront

• Spherical wavefronts

� Rays are are straight lines that converge to, or diverge from, a point focus

� An extended incoherent source can be modeled as a collection of point
sources

� At large distances from a focus, the wavefronts produced by a laser in the
lowest transverse mode are approximately spherical

• Cylindrical wavefronts

� Rays are straight lines that converge to, or diverge from, a line focus



The University of Texas at Dallas Erik Jonsson School
PhoTEC  

c© C. D. Cantrell (05/2004)

GEOMETRICAL OPTICS

• All media are assumed to have piecewise-constant refractive indices

� The media of which optical elements such as lenses are made
are homogeneous and isotropic

� Rays are straight-line segments that change direction only at the interfaces
between media

• Ray directions are determined by Snell’s laws and the geometry of optical
elements (lenses, mirrors, etc.)

� In the geometrical-optics approximation, imaging problems can be solved
using only geometry

� Geometrical optics is useful at the start of most optical designs, but per-
haps not in the final stages
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SNELL’S LAWS

• The normal to a dielectric interface and the incident ray define the plane
of incidence

� The incident (i), reflected (r) and refracted (transmitted) (t) rays are all
in the plane of incidence

� Snell’s law of reflection:
θr = θi

� Snell’s law of refraction:

n2 sin θt = n1 sin θi

sin θi

sin θt
=

n2

n1
=

v1

v2
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ANGLES FOR SNELL’S LAWS

θi θr

θt

n1

n2 n2 > n1
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GAUSSIAN OPTICS (1)

• Consider optical systems that have an axis of rotational symmetry (Z)

! For now, consider just the X − Z plane

! Rays are straight lines

◦ Can be specified with intercept and slope
◦Most convenient choice: Specify

x = height at z

and
p = n sin α

where n = refractive index and α = angle ray makes with the Z-semi-
axis that makes the smaller angle with the ray direction
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GAUSSIAN OPTICS (2)

• Paraxial rays are rays such that α � 1

• In the paraxial approximation, also known as Gaussian optics,

sin α ≈ α

and therefore
p ≈ nα

� Corrections to the paraxial approximation are called aberrations

� The next approximation better than the paraxial approximation is

sin α ≈ α − α3

3!
which leads to “third-order theory” and the so-called Seidel aberrations
(spherical aberration, coma, astigmatism, curvature of field, and distor-
tion)
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STRAIGHT-LINE PROPAGATION (1)

• Exact equations for propagation from z = z0 to z = z1:

x1 = x0 + (z1 − z0) tan α

p1 = p0

• Paraxial (Gaussian) approximation:

x1 = x0 +
z1 − z0

n
p0

p1 = p0 = nα
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STRAIGHT-LINE PROPAGATION (2)

• Matrix form of the Gaussian equations for straight-line propagation:(
x1

p1

)
=

(
1 z1−z0

n
0 1

) (
x0

p0

)

• In general, for the Gaussian (paraxial) description of an optical system,(
x1

p1

)
=

(
A B
C D

) (
x0

p0

)

where

(
A B
C D

)
is called the ray matrix

� The ray matrix for straight-line propagation from z = z0 to z = z1 is

M01 =

(
1 z1−z0

n
0 1

)

� This ray matrix has the property that det [M01] = 1
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PROPAGATION ACROSS A FLAT INTERFACE

• By rotational symmetry, a flat interface must be perpendicular to Z

� Assume refractive indices n0 to the left of the interface and n1 to the right

• Snell’s law of refraction:

n1 sin α1 = n0 sin α0

Then
x1 = x0

and
p1 = p0

• For propagation across a flat interface, the ray matrix is the identity matrix:

M01 =

(
1 0
0 1

)
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SPHERICAL REFRACTING SURFACE

R

θ
x0

θ0

θ1

−α1
α0
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SPHERICAL REFRACTING SURFACE (2)

θ

θ0

θ1

−α1
α0
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SPHERICAL REFRACTING INTERFACE (2)

• Ray-matrix equation for a ray that has just passed through a spherical
refracting surface: (

x1

p1

)
=

(
1 0

−P 1

) (
x0

p0

)

where

P =
n1 − n0

R
is the power of the refracting surface

� The units of refractive power are diopters

� Once again, the determinant of the ray matrix

M01 =

(
1 0

−P 1

)

is
det [M01] = 1
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LENS PARAMETERS

Ω

R
1

x0

R2
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IMAGING BY A THIN LENS (2)

• Ray matrix for the transformation from the object plane at z = z0 to the
image plane at z = z2:

(
x2

p2

)
=

⎛
⎜⎝1 − P

di

n0
0

−P 1 − P
do

n0

⎞
⎟⎠

(
x0

p0

)
=

⎛
⎜⎜⎝

1 − di

f
0

−P 1 − do

f

⎞
⎟⎟⎠

(
x0

p0

)

� Relation between object and image ray heights:

x2 =

(
1 − di

f

)
x0

� Relation between object and image ray directions:

p2 = −Px0 +

(
1 − do

f

)
p0
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IMAGING BY A THIN LENS (3)

• The imaging relation
di

n0
+

do

n0
− P

dido

n2
0

= 0

and the focal-length relation

P =
n0

f
imply that

di + do =
dido

f
The object-image relation is

1

do
+

1

di
=

1

f

• Newton’s equation

(do − f )(di − f ) = f 2

gives the same information in a different, also useful form
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IMAGING BY A THIN LENS (4)

• The linear magnification of a lens is the ratio of lateral image size to
object size:

M =
x2

x0
= 1− P

di

n0
= 1− di

f

M = −di

do
=

f − di

f
=

f

f − do

! A negative magnification indicates that the image is inverted

• The matrix that propagates a ray from the object plane (z = z0), through
a thin lens, to the image plane (z = z2) is

M 02 =

(
M 0
−n0/f 1/M

)

! Note that det [M 02] = 1
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IMAGING BY A THIN LENS (5)

• The angular magnification of a thin lens is equal to the ratio of the
angle subtended by the image at the back focal point to the angle subtended
by the object at the front focal point:

x2

di − f
xo

do − f

=

(
x2

x0

) (
do − f

di − f

)
=

f − do

f
=

1

M
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THIN-LENS RAY TRACING

• Begin by drawing the optical axis, a perpendicular line to indicate the plane
of the lens, and the right and left focal points

• The next steps involve drawing two principal rays of the optical system

� Draw a principal ray that goes through the left principal focus to the
plane of the lens and then runs parallel to the optical axis

� Draw a second principal ray that runs parallel to the optical axis from
the tip of the object to the plane of the lens, and then goes through the
right principal focus

� The intersection of the two principal rays locates the tip of the image

• This procedure is valid only for paraxial rays
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PRINCIPAL PLANE

ρ
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Secondary principal plane

Conceptual drawing (not an accurate ray trace)
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ABERRATIONS

• Corrections to the paraxial approximation are called aberrations

� Chromatic aberration: Separated images are formed for each object color

� Monochromatic aberrations

◦ Some cause the image of a point to be spread out laterally and longi-
tudinally

◦ Others are global defects of images

• The Seidel (monochromatic, third-order) aberrations are:

� Spherical aberration: A point is imaged to a line

� Coma: A point is imaged to a set of expanding, overlapping circles

� Astigmatism: A point is imaged to a separated pair of lines

� Curvature of field: The image of a laterally extended object is formed on
a curved surface, not on a plane

� Distortion: The lateral magnification depends on the distance of the ob-
ject from the axis



The University of Texas at Dallas Erik Jonsson School
PhoTEC  

c© C. D. Cantrell (06/2004)

SPHERICAL ABERRATION (1)

• For a point object on-axis, or a bundle of rays parallel to the axis, the only
monochromatic aberration is spherical aberration

• The Optica ray trace below illustrates spherical aberration of a thick lens

� Plano-convex lens made of BK7 glass; aperture 50 mm

� Black dots show ray intersections with the Gaussian focal plane

http://www.wolfram.com/products/applications/optica/
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SPHERICAL ABERRATION (2)

• Spherical aberration of a lens is minimized when approximately equal ray
deviations occur at the two surfaces

• The Optica ray trace below should be compared with the ray trace on the
previous slide

� Same plano-convex lens made of BK7 glass; aperture 50 mm

� Black dots show ray intersections with the Gaussian focal plane

� Note that there is a well-defined circle of least confusion

http://www.wolfram.com/products/applications/optica/
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WAVEFRONT ABERRATION

• The wavefront aberration φ is the distance between the actual wavefront
and a sphere centered on the Gaussian image point

• Expressed in terms of the coordinates defined on the next slide, the contri-
butions of the Seidel aberrations to the total wavefront aberration are:

� Spherical aberration
φ = −1

4Ba4ρ4

� Coma
φ = Fy0a

3ρ3 cos θ

� Astigmatism
φ = −Cy2

0a
2ρ2 cos2 θ

� Curvature of field
φ = −1

2Dy2
0a

2ρ2

� Distortion
φ = Ey3

0aρ cos θ
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COORDINATES FOR 
CALCULATION OF ABERRATIONS

ρ

r1

r0

O0

d
0

d
1
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φ = − 1
4Bρ4

− 1
4B
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COMA

• Coma occurs when rays that pass at different distances from the center of
the entrance pupil are focused at laterally separated locations

• The Optica ray trace below illustrates positive coma (and other aberrations)
of a biconvex lens

� Lens made of BK7 glass; aperture 50 mm

� Black dots show ray intersections with the Gaussian focal plane

� Green dots show intersections of symmetrical pairs of marginal rays

http://www.wolfram.com/products/applications/optica/
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ASTIGMATISM (1)

• The tangential plane is the plane that contains both the optical axis and
the chief ray

• The sagittal (or radial) plane is the plane that contains the chief ray and
is perpendicular to the tangential plane

• Astigmatism occurs when the sagittal and tangential focal lengths are un-
equal, and a cone of rays is (approximately) focused to two separated lines

P1

P2

P3

P4

F14

F23F12

F34

f′
f

• The Optica ray trace on the next slide illustrates astigmatism (and other
aberrations)

http://www.wolfram.com/products/applications/optica/
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ASTIGMATISM (2)

• In the preceding Optica ray trace, the tangential plane is the horizontal plane
that passes through the object point

• The sagittal plane is the vertical plane that contains the object point

• Ray intersections with the planes in the figure:

� Plane 1 (approximately elliptical converging bundle):

� Plane 2 (approximate line focus in the sagittal plane):

� Plane 3 (“circle” of least confusion):

� Plane 4 (approximate line focus in the tangential plane):

� Plane 5 (approximately elliptical diverging bundle):

• These images show coma as well as astigmatism

http://www.wolfram.com/products/applications/optica/
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