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FRESNEL-KIRCHHOFF DIFFRACTION THEORY I

e Partial differential equation approach:

> Analytical solution

o Solve PDE by separation of variables
o Use boundary conditions to restrict set of possible solutions
o Useful only for certain highly symmetrical geometries

> Numerical solution:

o Discretize using finite differences or finite elements

o Obtain a system of linear equations that also incorporates the boundary
conditions

e Integral equation approach:

> Turn the PDE into an integral equation
> Incorporate approximate boundary conditions
> Get an approximate analytical solution

> Numerical solution
© C. D. Cantrell (06/1997)
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (1) I

e Maxwell’s equations imply the vector wave equation

1 0°

V x [V x E(r,t)]|+ 5==E(r,t) =0

v2 Ot?

> Vector (polarization) effects are often negligible except for very small aper-

tures or obstacles

e In a uniform dielectric and in Cartesian coordinates,

1 0
(VZ — E@) E(r, t) =0

1 0°
(VQ — ﬁﬁ) U(f, t) =0

> Valid for (at best) one Cartesian component of E

e Scalar wave equation:
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (2) I

e The scalar wave equation,

and the assumption of a perfectly monochromatic wave,
Ulr,t) = u(r)e ™,

imply the scalar Helmholtz equation

(VZ+E*) u(r) =0

where
W
==
22
> Boundary conditions for the Helmholtz equation

o Dirichlet (u given on the boundary)
o Neumann (du/dn given on the boundary)
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DIRICHLET BOUNDARY CONDITIONS I

~ <
~
~
~N
UZO ~
N
AN
AN
\
\
\
\
\
\
\
\
\
\
X \
| '.
. u=2~0
u=f, :
|
I
I
!
/
/
/
/
/
/
’
/
/7
Ve
7
U:O -
7
7
-~
-
//

© C. D. Cantrell (06/1997)
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (3) I

e Approximate scalar boundary conditions obtained from
St.-Venant’s hypothesis:

> The optical field v in an aperture is the same as if the aperture were not
present

>y = 0:
o At all points on the screen
o At large distances in image space

e Obviously not entirely correct, but useful

> [gnores currents in the edges of the aperture
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (4) I

e Green function for the scalar Helmholtz equation:

> Scalar Helmholtz equation:

(V2 + kHu =0
> Green function in free space:
0 ez’k|r—x\
r,x) =
)=

o (7 1s a spherical wave expanding out from a point source at r
o (G satisfies the equation

(V2 + EDG(r,x) = —476(r — x)
and outgoing boundary conditions at oo
> A solution of the equation (V? + k*)u(r) = —s(r) in a region V' is
(47T>1/ G(x—r)s(r)d’r, ifxeV;
1
0, ifx¢V

© C. D. Cantrell (06/1997)
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (5) I

e Green function for the scalar Helmholtz equation:

> Scalar Helmholtz equation:
(V2 4+ kHu =0

> Green function in free space (outgoing boundary conditions):

ezk|r—x\

G(r,x) =

r— x|
o (7 1s a spherical wave expanding out from a point source at ()
o (5 satisfies the equation

(V2 + EHG(r,x) = —476(r — x)
and outgoing boundary conditions at 00
> A solution of the equation (V? + k%)u(r) = —S(r) is

47T/Gx—r

© C. D. Cantrell (06/1997)
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (6) I

e Derivation of Green’s theorem:

> Recall Gauss’s theorem:

/V-Fd?’fr:/ (—n) - FdS
V ov

0V = surface that bounds the volume V, n := INWARD normal to oV
> Apply Gauss’s theorem to the vector field F = uVG — GVu:

/ (—n)-(uVG — GVu)dS = / V- (uVG = GVu)d’r
oV V
= /V (Vu) - (VG) — (VG) - (Vu)] d’r
+ /(UVQG — GV?u) d’r
= /[U(V2 + kKOG — G(V* + E)u] dr = —4mu(x)

o We used (V? + k*)u = 0 and (V* + k*)G(r,x) = —4md(r — x)

© C. D. Cantrell (06/1997)



KIRCHHOFF’S BOUNDARY CONDITIONS |

Screen S with
aperture A

/.

In A, u = field
with no screen present

___inward
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (7) I

e The Helmholtz-Kirchhoff integral theorem:

> From Gauss’s and Green’s theorems,

1
() :—/ w(h-VG) — G (- Vu)dS
47T oV
n := INWARD normal to the surface that bounds V'
6z'k|r—x]
G p—

> Substitute for G:

u(x) = ﬁ /a ) [u(r) (ﬁ . veiks) G vuin)| ds

S S

o Expresses u(x) in terms of fields at points r on the surface that bounds
V', but not in the same way as Huyghens’ Principle

o Kirchhoff’s boundary conditions apply

© C. D. Cantrell (06/1997)
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FRESNEL-KIR CHHOFF DIFFRA CTION THEOR Y (8) I

e Kirchhoft’s boundary conditions:

>u = 0 everywhere but in the aperture

> In the aperture, u is the field due to a point source at P,

ezkzr

u(r) = A

,
e Apply the Helmholtz-Kirchhoft integral theorem:

> At any point I in the alperturejn

ezkr

| 11}
' 1 ) ) 1ks ” ' 1
ik# - G(r,X) =#S§ ik# —

e
r r S S
where S:=X#7r

"ur)=rA

> Result: The Fresnel-Kirc hhol dildaction form ula,

kAT ekl
u(X) = # —
AT A T8

(A-§+n-7)dS

Ic C.D. Cantrell (06/1997)
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FRESNEL-KIRCHHOFF DIFFRACTION THEORY (9) I

e The Fresnel-Kirchhoff diffraction formula

e A ik(r+s)
u<x):—24—7r Aem (A-$+n-7)dS

>1s an approximate scalar solution of the Helmholtz equation, valid for
wavelengths small compared to the aperture size

> is based on deep physical insight

> is accurate enough to give useful, quantitative results in optics
BUT

> does not make u — 0 at large distances (as assumed in Kirchhoff’s bound-
ary conditions)

> is not the first term in any iterative solution of the boundary-value prob-
lem

© C. D. Cantrell (06/1997)
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HUYGHENS’ PRINCIPLE I

e A wavefront propagates through interference of spherical wavelets that em-
anate from every point on the wavefront

> Problem # 1: Why don’t the wavelets interfere to produce both a forward-
and a backward-propagating wavefront?

> Problem # 2: Does Huyghens’ Principle follow from the known laws of
physics (Maxwell’s equations)?
e The physics and math of Huyghens’ Principle

> Maxwell’s equations = the time-dependent vector wave equation

> Solution of the time-dependent scalar wave equation as an initial-value
problem

> For harmonic time dependence, solve the Helmholtz equation as a boundary-
value problem

o Approximate formulation: Fresnel-Kirchhoft diffraction theory

© C. D. Cantrell (06/1997)









THIN LENS I

d
ty | 0
Q“ d=R(1—cosf)
~ ;R0
P
~ 2R

2
Optical path in lens ~ kn [to— ]

© C. D. Cantrell (06/1997)



THE UNIVERSITY OF TEXAS AT DALLAS U TD ERIK JONSSON SCHOOL
PHOTEC

TRANSMISSION FUNCTION OF A THIN LENS I

e Transmission function of a thin lens (thickness = ¢):

iknt e—ika /(2f)

T(p) = |T(p)le

> If the incident field is uie(r) = €**, then the field transmitted by a
plano-convex thin lens (neglecting reflections) is

P’ p’
U (r) &~ exp ik {z + ¥ +n [to — ﬁ] }

> Therefore the plano-convex transmission function is
ikntoe—ik(n—l)pQ/(QR)

Tplano(P) = €

> For a biconvex lens, with curvatures Ry and — R,

Thiconvex(p) A2 eFiHt2) g=ik(n=1)p"/[(2R1) ™ = (2Ro) 71

1 1 1
> Focal length f = net curvature: | = = (n — 1 —
gth f 7 ( ) ( R R2>

© C. D. Cantrell (06/1997)
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DIFFRACTION THEORY (1) I

e Applications of the Fresnel-Kirchhoft diffraction formula

ikl

€

1ks

S

u(Xx) = EAT(I’) Uine(F)—

ds

> Diffraction of light from a point source:

ezkr

uine(r) = A

r
o Fraunhofer limit (plane waves)
o Fresnel regime
> Diffraction theory of image formation
o Aberrations
o Focal-plane filtering
o Transfer functions

> Propagation of the mutual coherence function

© C. D. Cantrell (06/1997)



COORDINATES FOR THE DIFFRACTION INTEGRAL I
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DIFFRACTION THEORY (2) I

e [resnel’s approximation to a spherical wave:

tkr ikr!
€~ & ikipiklp?—(F-p)%/(2r)
r r!
eikr’
> —— = spherical wave centered at P
r

> e’K1'P = plane wave with propagation constant ky := kt’

. 2 (ol N2 / .
> ekl =)/ (2r) — \owest correction for wavefront curvature

o This factor is approximately 1 when the Fresnel number is small:
b2

— <1
r’' A
where b? == p? — (¥ - p)?
e Bottom line: You get a nearly plane wave if you move far away from a point

source (but it’s easier to use a lens!)
© C. D. Cantrell (06/1997)



THE FRESNEL APPROXIMATION ‘
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FRESNEL APPROXIMATION DETAILS (1) I

e Approximate r in terms of ¥’ (fixed) and p (varies over aperture):

> Vector addition:
r=r +p
¥ =r"+2r p+ p?
J 57 1/2
r=r [1+27-p—|— (g) ]
r

> Binomial expansion correct to order (p/r')*:

r pF(rp)
Y / —_ -
rer +7“’ p+2T, 53
pF (¥ p)?

/ ~/
rrTA+ropt— —
P o 27

© C. D. Cantrell (06/1997)
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FRESNEL APPROXIMATION DETAILS (2) I

e The Fresnel approximation, valid for small angles between r and r':

. /
denominator =r ~ r

/ p2 T ('A’/ ) P)2
phase = kr ~ kr + k- p+k o
’
eikr’
>

— = spherical wave centered at I
"

> 1P — plane wave with direction ¥

o Propagation constant: ki = kt’

> e =)/ @") _ Jowest-order approximation to the phase of a spherical
wavefront

& & Vo il A2 (3 )2 /
o O ikip ikl —(-p)%] ) (2)

© C. D. Cantrell (06/1997)
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FRESNEL APPROXIMATION DETAILS (3) I

e Approximate s in terms of 8’ (vector from origin to origin), p (coordinates
in aperture) and ry; (coordinates in observation screen):

> Vector addition:
p+s=s+n

S:S/—|—<I’1—p>
szzs’2+2$’-(r1—p)+(r1—p)2

(r—p)2]""
8/2

/

S
s=s 1+2?-(r1—p)+

o . 2
> Binomial expansion correct to order (r; — p)*/s':

9

s’ (n—p)? (s (n-p)
N / — ) — c—
s~ s & 7 (ri —p)+ 0 5

~) 2
AN B (rl—p)Q_(S '<r1_p>>
s~s+8-(rp—p)+ 2 0

© C. D. Cantrell (03/2007)



COORDINATES FOR THE DIFFRACTION INTEGRAL I
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FRAUNHOFER DIFFRACTION: RECTANGULAR APERTURE I

Fig. §.10, Fravnuorer diffraction pattern of & rectangular aperture 8 mm x 7 mm,
r|'|||-|1'|'li‘|'i"'|“'i'\-"'lI Bl marcury :\'1'”-?'-'.' llﬂ||1 A BTH0 .'{I.I To show the axistenes of
the weak secondary maxims the contral portion was overexposed,

LAfter H. Lapsow, C. A. Tavror, and B. J. THoMPs0M.}
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FRAUNHOFER DIFFRACTION: CIRCULAR APERTURE I

Fig. 8.12. Frausnorer diffraction pattern of & circular aperture (the Airy pattern)
G mm in dismeter, magnifioation 50 , mercury vellow light 4 = 5790 A. To show
the existence of the weak subsidiary maxima, the central portion was overscpaossd,

[After H, Lrrsow, O, A, Tavior, and B. J. THoMPE0X.)
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THE GRATING FUNCTION I

Y
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2-D RECIPROCAL LATTICE (1) |

e The 2-d direct lattice spanned by non-parallel vectors a; and as
consists of the points

Fingmo = 1A 1 M2a2
e The reciprocal lattice to the a; — ay lattice consists of vectors

Ky, n, = niby + naby

where
bz' . aj = 5@7]'
> The reciprocal lattice basis is
as X Z z X a
b1 = = ) 2 — X
z-(alxag) z°(a1><a2)
R 1. 3.
Hexagonal lattice basis: a; =x, a; = X + gy
R 1. 2
Reciprocal lattice basis: by =x ——y, by =—y

V3

© C. D. Cantrell (06/1997)
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DIFFRACTION THEORY (12) I

e Calculation of the field in the image plane, part 1:

> Assume normal incidence

o Inclination factor
I=—Mn-s+n-r)=-2

o Diffraction integral assuming a point source and a thin lens with focal

length f: ” o
Z e'L TS
ur) =5 [ = rlp)ds
A

A rs

' ik(r+s) 2
- / —— " a(p)dp
A

A rs

Q

o 7 = transmission function of lens and aperture
¢ «v = transmission function of aperture alone

© C. D. Cantrell (06/1997)
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DIFFRACTION THEORY (13) I

e Calculation of the field in the image plane, part 2:

> Diffraction integral assuming a point source and a thin lens with focal
length f:

A ik(r+s) P2
e T alp) dp

u(n) = AN Jaqg s

o The sum of the exponents is (in the Fresnel approximation)

2 9 B 9 B 5
fzk[r+5_p_]mk[r/+5/_0 L (=p7 (p rl)]

2f 2f 2r! 25
2 1 1 1 T2 7“2 ro r
— ik / / /0_ - - = 0 I (_ _)
1 [fr+s+2< f+fr’+s’)+27“’+25’ P 7“’+3’

© C. D. Cantrell (06/1997)
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DIFFRACTION THEORY (14) I

e Calculation of the field in the image plane, part 3:

> At the Gaussian focal point of a thin lens,
1 N 1 N I 0
f r g o

o This makes the coefficient of p? vanish in the exponent

o The diffraction integral reduces to a phase factor times the Fourier
transform of the pupil function o:

2 2
i A z‘kK%OJr%l)M’Jrs’] L (f0L T
u<l’1) ~ _)\,’,./S/e ol T o4 [4&<p> e thp <r1+3/> d2/0

o The image is spread out by diffraction

o The peak amplitude occurs at the stationary-phase point:

o r s’

= 4+ e 0 = r= — % (Gaussian image displacement)

© C. D. Cantrell (06/1997)
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THE FRESNEL FUNCTION (1) I

e The Fresnel function is

1 2

Fo(r) = e
where r lies in the z — y plane

> The 2-d Fourier transform of F), is

© C. D. Cantrell (06/1997)
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DIFFRACTION THEORY (16) I

e Imaging by a thin lens of an extended, coherently illuminated object, part
2:

> The field incident on the lens, u;,., is a convolution of the source distri-
bution ¢ with the Fresnel function Fy, /.

uinc<p> — 7 Fk/r’(p — I’()) dZTO

i e
— F ap 2
A (2m)2 /w (@) et dq

> Diffraction integral for the field in the observation plane:

zk: (r'+s")
u(rl) = ( ) 27T 27”8 // @D Fk‘/r ( ) E(q,p.r1) d2,0d2q

o The sum of the exponents is (in the Fresnel approximation)

p> P "”% 1
E(q,p,r) =ik |- ( —k—)-
(Q.p, 1) =i [ 2f+23’+25’]+2 a-k2)-p

© C. D. Cantrell (06/1997)


































































THE UNIVERSITY OF TEXAS AT DALLAS U TD ERIK JONSSON SCHOOL

PHOTEC
FRESNEL DIFFRACTION (1) I

e Coordinate system for Fresnel diffraction, following Born & Wolf:

> The origin of the aperture coordinates is at the intersection of the aperture

with the line from the source point, Py, to the observation point, P (see
coordinates on next two slides)

> This makes ¥ and s’ dependent on P
> Vector addition:

r=r +p
s =s+p
> Binomial expansions:

2 5 N2
Y, P (r - p)

re”r+r-p+— —
p 21! 2r!
N /02 (f’/ ) p)Z

© C. D. Cantrell (03/2007)



BORN & WOLF COORDINATES FOR THE
FRESNEL-KIRCHHOFF DIFFRACTION INTEGRAL

/751

y
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COORDINATES FOR FRESNEL DIFFRACTION ‘
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FRESNEL DIFFRACTION (2) I

e Total optical path length:

L1 1 .
r+s%r’+s’+—(—/+—,) (p* = (¥~ p)’)

2\r" s
(no linear terms in p)

> Take the & axis in the aperture to lie in the same plane as r, s, ¥ and §’
> Geometry:
r'-p=¢Esind
pr— (¥ p)? =& cos’ 5+
> Fresnel-Kirchhoff diffraction integral:
u(P) = _ikA 0035/ ez‘k(r’+s’+%(%+§)(§2 cos? an))dﬁdn
A

2mr's!

© C. D. Cantrell (03/2007)
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PHOTEC
FRESNEL DIFFRACTION (3) I

e [resnel-Kirchhoft diffraction integral:

u(P) = _ikA COS(S/ 6ik(r’+s’+%(%+§>(§2 cos? (an))dfdn
A

2mr's!

> Normalized variables:

T k(1 1
51)2 = 5 <—/+_,> 5200825

r S

T 5, k(1 N 1 5
—W = — — _
2 2 \r" s g

e Transformed Fresnel-Kirchhoff diffraction integral:
A ik(r'+s") -
u(P) ~ e / e/ ) gy
2(r' +s') J4

(dependence of " and s’ on P neglected)

© C. D. Cantrell (03/2007)
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FRESNEL DIFFRACTION (4) I

e Fresnel integrals:

> Take real and imaginary parts:

/Ou 3" dv = B(u) = C(u) + iS(u)

O(u) = /Oucos(
S(u) zfousin(

are the Fresnel integrals

> Special values: C(o0) = %, S(o0) = %
> The (complex) value of B can be plotted in the complex plane, with C

as the real axis and S as the imaginary axis

where

o 3

v2) dv

o]

02> dv

> The curve that B describes as a function of u is called the Cornu spiral

© C. D. Cantrell (04/2007)



CORNU SPIRAL (1) |
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FRESNEL DIFFRACTION (5) I

e [resnel diffraction by a rectangular aperture:

> The diffraction integral splits into a product:

: ik(r'+s
iAct )/ei%(UZerz)dvdw
2(r'+s") 4

A ik(r'+s')  pug o h -

_ ! 6, 7 / 622U2dU/ e duy
i AeF U+

- (Bus) — Blun))(B(uh) — Blu)

> The upper and lower limits depend on P

u(P) = —

> B(us) — B(uy) represents the vector from B(uq) to B(usg) in the complex
C—-S plane (see next slide)

> The field at P is proportional to the product of two complex numbers,
each one corresponding to a vector between two points on a Cornu spiral

© C. D. Cantrell (03/2007)



CORNU SPIRAL (2) |
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FRESNEL DIFFRACTION BY A STRAIGHT EDGE (1) |

e The infinite straight edge is a limiting case of a rectangular aperture

> The integration limits for the dimension parallel to the straight edge are
uy] = —00, uy = 00; the value of the integral is 1+ 4
> The lower integration limit for the dimension perpendicular to the straight
edge is u; = —o0, corresponding to the lower left limit point on the Cornu
spiral
o The lower integration limit corresponds to a point that is in the geo-
metrical shadow region and infinitely far from the edge

> The upper integration limit, w9, is determined by the coordinate of the
observation point P perpendicular to the straight edge

e The field amplitude at P for a straight edge is proportional to the modulus
of the complex number [C(u2) + 3| + @ [S(u2) + 35|, which corresponds to
the vector from the lower left limit to the point on the Cornu spiral that is

determined by us

© C. D. Cantrell (03/2007)
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STRAGHT EDGE AND GEOMETRICAL SHADOW I

ApertUre

1

Geamelrical

= hadosw

© C. D. Cantrell (03/2007)
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FRESNEL DIFFRACTION BY A STRAIGHT EDGE (2) |

=632.8nm AperScl=2.00 ViewWd=8.00
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