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RANDOMNESS IN OPTICS

• A source is coherent if it radiates light with which it is possible to observe
interference effects

! No interference effects can be observed with fully incoherent light

! Partially coherent light can produce interference effects, but with a
lower contrast ratio than would be expected for coherent light

! Partially polarized light is a special case, in which the phase difference
between two orthogonal polarizations is a random process

• “Washed-out” interference effects are the result of randomness

! A source that consists of many independent sources with random phase
relations radiates fully incoherent light (e.g., the Sun)

• The goal of optical coherence theory is to quantify partial coherence
and partial polarization

! Start with basic ideas of random processes, time averages, and ensemble
averages



The University of Texas at Dallas Erik Jonsson School
PhoTEC  

c© C. D. Cantrell (07/2010)

RANDOM PROCESSES (1)

• Discrete-parameter random process: A set of discrete random variables k(1),
..., k(N) and a family of joint probability functions P [k(1), ..., k(N)] for all
positive integral values of N

! E.g., k is a digitized physical quantity (voltage, etc.) sampled at N times

! Each N -tuple of measured values of the random variables corresponds to
a point (k1, ..., kN) in N -dimensional space

• Continuous-parameter random process: A set of continuous random
variables x(t), where t is a continuous parameter (such as time), and a
family of joint probability density functions p[x(t1), ..., x(tN)] for all positive
integral values of N and all values of t1, ..., tN in some range

! For every given value of t in some range, there is a probability density
function for x(t), namely, p[x(t)]
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C. W. Gardiner, “Lectures on Random Processes and Noise in Physical Systems” c© C. W. Gardiner (1999)

RANDOM PROCESSES (2)

• Example of a random process: Brownian motion of small particles suspended
in a liquid

! A useful model: Normally (Gaussian) distributed jumps in the velocity
of the particle

! The figure below shows four possible paths (x(t), y(t))
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C. Kittel, Elementary Statistical Physics (Wiley, 1958)

RANDOM PROCESSES (3)

• Three different records of a random process, plotted versus time t ∈ (0, T ):

! Horizontal averages are time averages; vertical averages (at a fixed
time t) are ensemble averages
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OPTICAL COHERENCE THEORY (1)

• Coherence is the ability to form interference fringes

! Must have a stable phase difference between interfering components

! Fringe visibility:

V :=
Imax − Imin

Imax + Imin

◦ V is dimensionless, and 0 ≤ V ≤ 1
◦ For two coherent beams of equal intensity,

V = 1

◦ For two partially coherent beams of equal intensity, interfering with a
path difference of nτ/c,

V = |γ12(τ )|
◦ γ12(τ ) is the complex degree of coherence

! Space-time propagation of γ12(τ ): Diffraction theory
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OPTICAL COHERENCE THEOR Y (2)

• Michelsoninterferometerfringes

! Assumea propagatingplanewave " canusea JonesvectorE
! Intensity at detectorof recombinedbeamswith time difference" = 2d/c:

I d(" ) = #|E(z, t) + E(z + c", t)|2$
= #|E(z, t)|2$+ #|E(z + c", t)|2$

+ [#E(z + c", t) · E(z, t)%$
+ #E(z + c", t)%· E(z, t)$]

= 2I 0 + 2Re[Γ(" )]

&Averageintensity: I 0 := #|E(z, t)|2$
&Self coherence function : Γ(" ) := #E(z + c", t) · E(z, t)%$

’ Oftenfor narrowbandlight (meanangularfrequency#),

Γ(" ) ( |Γ(0)| e) i#" ) 1
2$|" | or |Γ(0)| e) i#" ) 1

2$2" 2

Re[Γ(" )] ( |Γ(" )| cos(#" )
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OPTICAL COHERENCE THEORY (4)

• Properties of the complex degree of coherence, γ(τ ):

! At zero time difference, γ(0) = 1

◦ Fringe visibility depends on relative amplitudes of the two beams

! As the time difference τ becomes infinite, γ(τ ) → 0

◦ Interference fringe visibility ∝ |γ(τ )| → 0

• Coherence time:

τc :=

Z ∞

−∞
|γ(τ )|2 dτ

! Intuitive meaning:

◦ For time delays τ ø τc, the two beams in the Michelson interferometer
are coherent (they form interference fringes)

◦ For time delays τ ¿ τc, the beams are incoherent (no interference
fringes; intensities add)
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OPTICAL COHERENCE THEORY (7)

• Interference of light at two spatially separated points

! Intensity at Q:

I(Q) = |K1|2I(P1) + |K2|2I(P2) + 2 Re [K1 K∗
2 Γ12(τ )]

! Maximum and minimum intensities for time delays near τ are

Imax = |K1|2I(P1) + |K2|2I(P2) + 2 |K1| |K2| |Γ12(τ )|,
Imin = |K1|2I(P1) + |K2|2I(P2)− 2 |K1| |K2| |Γ12(τ )|

! Fringe visibility in Young’s experiment:

V(τ ) =
4 |K1| |K2| |Γ12(τ )|

2[K2
1I(P1) + K2

2I(P2)]

=

√
2K1

p
I(P1)K2

p
I(P1)

K2
1I(P1) + K2

2I(P2)

!
|Γ12(τ )|p
I(P1)I(P2)
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OPTICAL COHERENCE THEORY (8)

• Complex degree of coherence for light coming from two different
points:

γ12(τ ) :=
Γ12(τ )p

Γ11(0)Γ22(0)

! Depends on the spatial positions of P1 and P2 as well as on
τ = (r2 − r1)/c

! How does the mutual coherence function change as a wave
propagates?

◦ For a narrowband source,

Γ(r1, r2; τ ) =

Z

S

Z

S

Γ(r01, r
0
2; τ + (|r2 − r02| − |r1 − r01|)/c)

λ
2|r2 − r02||r1 − r01|

d2r01 d2r02

◦ This looks worse than it is...
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OPTICAL COHERENCE THEORY (9)

• In order to separate the spatial and temporal coherence properties, we define
the mutual intensity

J(r1, r2) := Γ(r1, r2; 0)

and the complex coherence factor

µ(r1, r2) :=
J(r1, r2)p
I(r1)I(r2)

• The coherence area is

Ac :=

Z
|µ(r, r + r0)|2 d2r0
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OPTICAL COHERENCE THEORY (10)

• Propagation of the mutual intensity for narrowband light:

J(r1, r2) =

Z

S

Z

S

J(r01, r
0
2)e

−ik(|r2−r02|−|r1−r01|)

λ
2|r2 − r02||r1 − r01|

d2r01 d2r02

! Example of a completely incoherent source:

J(r01, r
0
2) = K I(r01) δ(r01 − r02)

! Propagation of the mutual intensity from a narrowband incoherent source:

J(r1, r2) =

Z

S

Z

S

K I(r01) e−ik(|r2−r02|−|r1−r01|)δ(r01 − r02)

λ
2|r2 − r02||r1 − r01|

d2r01 d2r02

≈ K

λ
2
R2

Z

S
I(r01) e−ik(|r2−r01|−|r1−r01|) d2r01

≈ K

λ
2
R2

eiψ

Z

S
eik(r1−r2)·r01/R d2r01

◦ This is “just” a diffraction integral!
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PROPAGATION OF THE MUTUAL INTENSITY

r2
′

r1
r2

r1
′

J(r1, r2) =
∫

S

J(r′1, r′2)e−ik(|r2−r′2|−|r1−r′1|)

λ2|r2 − r′2||r1 − r′1|
d2r′1 d2r′2

S

∫

S
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OPTICAL COHERENCE THEORY (11)

• Example: Uniformly bright, incoherent source

! Source area = AS

! Coherence area at a large distance R:

Ac =
(λR)2

AS

! For a star,
√

Ac is of the order of a few meters to hundreds of meters
(neglecting atmospheric effects)

◦ Starlight is special... it’s coherent!
◦Michelson stellar interferometer
◦ Hanbury Brown’s intensity interferometer


